Optical rotation of heavy hole spins by non-Abelian geometrical means 
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A non-Abelian geometric method is proposed for rotating of heavy hole spins in a singly positive 
charged quantum dot in Voigt geometry. The key ingredient is the delay-dependent non-Abelian 
geometric phase, which is produced by the nonadiabatic transition between the two degenerate 
dark states. We demonstrate, by controlling the pump, the Stokes and the driving fields, that 
the rotations about y- and z-axes with arbitrary angles can be realized with high fidelity. Fast 
initialization and heavy hole spin state readout are also possible. 
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I. INTRODUCTION 

Electron spins in quantum dots (QDs) are promising 
candidate for implementations of qubits [l], @, Q be- 
cause of their potential integration into microtechnol- 
ogy. The two spin states of electron can be mapped 
directly to the two operational states in quantum in- 
formation processing (QIP). A key element for spin- 
based QIP is the coherent manipulation of the spin 

states d i, !, 0, 1, i, M HH, d, EE EI EE EE E3, m ■ 

This QIP approach requires not only rotation of unknown 
spin states-the heart of spin-based QIP, but also the spin 
states initialized in a known state and readout of spins. 
There has been significant experimental progress in the 
demonstration of the key DiVincenzo requirements [li^ ] , 
for examples, efficient optical methods for initialization 
and readout of spins @, SJ [H [H, SI]. Significant 
theoretical and experimental effort has been invested 
in optical manipulation of electron spin such as by us- 
ing two Raman-detuned laser pulses FlOl]. Abelian geo- 
metric phase induced by 2tt pulses [12l |. resonant radio- 
frequency pulses and so on. Using ultrafast optical 
pulses, Press et al. reported that they have controlled 
and observed the spin of a single electron in a semi- 
conductor (over six Rabi oscillations between the two 
spin states) Q. Subsequently, the rotations of electron 
spins about arbitrary axes in a few picoseconds were also 
demonstrated in an ensemble of QDs [111 ]. 

In spin-based QIP, in addition to preparing the spin in 
a precisely defined state, this state should survive long 
enough to allow its manipulations. Therefore a long spin 
coherence time is necessary. Different from the conduc- 
tion electron, a valence hole has an atomic p orbital, 
which has negligible overlap with the nuclei. Conse- 
quently, the suppressed hyperfine interaction leads to a 
longer spin coherence time than that of electron. This 
may provide an attractive route to holc-spin-based ap- 
plications free from the complications caused by the fluc- 
tuating nuclear spin system. In particular, Heiss et al. 



reported that the spin-relaxation times of holes are up to 
270 microseconds in InGaAs QDs embedded in a GaAs 
diode structure [IE]. Besides long coherence times, an 
equally important requirement is the ability to manip- 
ulate spins coherently. More recently, the high-fidelity 
hole spin initialization by optical pumping [261 ] . optical 
control and readout of hole spin [27| have been demon- 
strated experimentally. These works promote the spin of 
a hole in a semiconductor QD to be the best position to 
be a contender for the role of a solid-state qubit. 

When a quantum system governed by a Hamilto- 
nian with nondegenerate eigenstates undergoes some 
appropriate cyclic evolutions by adiabatically changing 
the controllable parameters, besides a dynamical phase, 
it may acquire a so-called geometric phase or Berry 
phase 28]. Wilczek and Zee generalized the geomet- 
ric phase to degenerate systems, i.e., non-Abelian ge- 
ometric phase [29( | . The geometric phase differs from 
the dynamic phase in that the former depends only 
on the geometry of the path executed, being therefore 
insensitive to the local inaccuracies and fluctuations. 
They are thus ex pec ted to be particularly robust against 
noise [U M, M, M H HI • 



Motivated by these work, we propose a method for ma- 
nipulating arbitrary rotation of an unknown heavy hole 
(HH) spin state in a singly positive charged quantum dot. 
By applying an external magnetic field in Voigt geome- 
try, a double tripod-shaped scheme can be configured. 
Most importantly, in contrast to the existing proposals 
based on electron spin, the HH spin rotations are real- 
ized in terms of the non-Abelian Berry phase, which is 
acquired by controlling the parameters along adiabatic 
loops, i.e., stimulated Raman adiabatic passage (STI- 
RAP) [H and fractional STIRAP [37]. The STIRAP 
process can be used to transfer populations coherently 
between quantum states through "dark state" which effi- 
ciently suppress relaxation. The geometric phases accu- 
mulated during a STIRAPprocess were previously inves- 
tigated for tripod systems [38| and double-A systems [3!| . 
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In this paper, after briefly reviewing non-Abelian geo- 
metric phase (Sec. [TTJ) , we discuss the hole and electron 
energy levels of a singly positive charged QD in Voigt 
geometry and the selection rules in Sec. IIII1 and study 
the feasibility of initialization by optical pumping. In 
Sec. IIVI we show how to achieve a two-fold degenerate 
dark states, and how to implement the rotations about 
y- and z-axes by using the non-Abelian geometric phase 
produced by the nonadiabatically coupling between the 
two degenerate dark states. The fidelities of these rota- 
tions are also discussed in this section. The readout of 
spin state is discussed in Sec. [V] In Sec. EH we end with 
some remarks. 



II. NON-ABELIAN GEOMETRIC PHASE 

Our propositions of rotating the HH spin about y- and 
z-axes are based on non-Abelian geometric phase [29[ , so 
we start by recal ling the basic facts about non-Abelian 
geometric phase [301 ] - We consider an n-fold degenerate 
eigenspace of a Hamiltonian H(xk) {k — 1,2,- •■ ,N) 
(i.e., the eigenspace information encoded) depending 
continuously on parameters Xk- Based on the time- 
dependent Schrodinger equation, we control the param- 
eters along loops O in an adiabatic fashion so that the 
initial preparation can evolve according to 



AE <Aco H 



|*(t)> = u(o) A m = o)). 



(1) 



The transformation can be computed in terms of the 
Wilczek-Zee gauge connection [29{ : 



N 

U(0) A =Vexp f Y, A * d X K - 



Jo. 



(2) 



V denotes the path-order operator. is called the 

gauge potential given by 



(3) 



with {\ip a (x))}a=i being an orthonormal basis of the 
degenerate eigenspace. It is worth noting that the 
parameter-dependent Hamiltonian should evolve adia- 
batically so that the instantaneous state |^(t)) does not 
overflow the state vector space spanned by \ip a ). An in- 
triguing feature of the gauge potential A lies in that it 
depends only on the geometry of executed path in the 
space of degenerate states. 



III. THE ENERGY LEVELS AND 
INITIALIZATION 

In the scheme of rotating HH spin, the basic idea is to 
reconfigure a multi-level system with interacting Hamil- 
tonian possessing two-fold degenerate dark states. By 
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FIG. 1: (Color online) An energy-level diagram of a singly 
positive charged quantum dot in Voigt geometry together 
with optical spin selection rules: a degenerate heavy hole 
(HH) spin states and two eigenstates of nondegenerate elec- 
tron and light hole (LH) spin states. Solid arrows, respec- 
tively, indicate dipole allowed optical transitions driven by 
the pump (Q p (t)), the Stokes (f2 s (f)),the driving (Qd(t)) fields 
with <t + , <t~ and ir denoting right-hand, left-hand circular, 
and linear-polarized fields. The photon bandwidth (Aula) 
should be larger than the electron Zeeman splitting AE D but 
smaller than the LH Zeeman splitting (A_Z?lh). 



changing the Rabi frequencies in adiabatic fashion, wc 
perform a loop in the parameter space. At both the 
beginning and the end of the cycle, we have only the 
HH spin states (up and down). But after a loop a 
non-Abelian geometric phase is accumulated at HH spin 
states. Based upon this property, arbitrary rotations of 
HH spin can be implemented. 

We consider a singly positive charged GaAs/AlGaAs 
QD with growth direction z, which can be formed natu- 
rally by interface steps in narrow quantum well (QW). 
The electron and holes become localized into QD re- 
gions of the QW. In the absence of magnetic held, the 
lowest conduction-band (CB) level is two-fold degener- 
ate with respect to the spin projection ±1/2. In the 
valence-band (VB), the hole has a total angular momen- 
tum of 3/2, with the projection mj — ±1/2 ("light hole" 
LH) doublet separated by more than 30-50 meV from the 
to j = ±3/2 (HH) states due to confinement. It is very 
large compared to the bandwidth of the picosecond and 
femtosecond pulsed laser, so one should be able to sep- 
arate the HH and LH excitations by picosecond pulsed 
fields in practical applications. The spin states of HH 
(spin up and down) trapped in the QD, which are de- 
noted by |0) = | 4> = |§,|) and |1) = | ft) = |§,-§), are 
our qubit degrees of freedom. We will perform sequen- 
tially the optical initialization, rotations of this spin by 
non-Abelian geometrical means, and readout of a single 
hole spin. With and a + excitations, the only dipole 
allowed optical transitions from the valence HH states to 
the conduction electron states are ||,|) 



||,|) and 

||,— §) — > ||,—5), and the light hole states cannot be 
excited because of the frequency selection. The angular 
moment restriction inhibits optical coupling between the 
two HH spin states. Consequently, the structure can be 
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FIG. 2: (Color online) The population of the states |0) and 
|1) as a function of time with <r~ continuous illumination. 
Different initial population distributions are considered: (a) 
Poo(t = 0) = 0, pu(t = 0) = 1.0; (b) p 00 {t = 0) = pu(t = 
0) = 0.5. The values of parameters are explained in the text. 



described by two degenerate independent two-level sys- 
tems, and the spin flip Raman scattering transitions are 
ideally dark [23|]. The dark transitions should become 
bright so as to implement spin state initialization, ro- 
tations, and readout. The problem can be solved by 
applying a magnetic field in the Voigt geometry (x di- 
rection). The magnetic field lifts the Kramer degener- 
acy of the LH and electron and reconfigures the eigen- 
states as |x±)lh = (|§,§) ± ||, — §>)/V ? 2, and \x±) e = 
|) ± |i, — |))/V2 (parallel or antiparallel to the mag- 
netic field direction x) while keeping the degeneracy of 
the HH with a negligibly small in-plane g factor 0, |4(| ■ 
The HH spin states remain unaffected by the magnetic 
field. A double tripod-shaped system is therefore con- 
figured, and the energy level diagram and the associated 
selection rules are represented in Fig. [1] In the rotations 
of the spin state, the state \x— )lh is used as an ancillary 
level, and it is presented by \a). The transitions from 
the VB states |0), |1), and \a) to the CB states \e1.2) 
can be excited by the pump (<7~-polarized), the Stokes 
((7 + -polarized), and the driving (7r-polarized) fields, re- 
spectively [4J|. The dark transitions therefore become 
bright and it is possible to initialize and rotate the HH 
spin states. The photon bandwidth of the driving field 
(Aud) can be controlled in a way such that it is larger 
than the electron Zeeman splitting AE e but smaller than 
the LH Zeeman splitting (AE^h) [4fj], the excitation of 
state |:e+)lh can be thus ignored safely. 

The initialization of HH spin can be accomplished by 
optical pumping [171 . |26j. For example, the spin up HH 
state can be prepared by only applying the Stokes field. 
The electron is excited from the VB band state to two CB 
band states |ei) or \e2), and one spin up HH is left. Ex- 
citon (electron-hole pair) recombination occurs between 
the CB band electron and the VB HH with spin down 
or up, while the electron recombined with | ff) hole will 
be excited again. Since the pump field has not been ap- 
plied, the resident hole remains in spin up state | -ft-). 



Conversely, the HH can also be prepared in spin down 
state I JJ.) by only applying the pump field. To assess 
the efficiency of optical spin preparation, we have per- 
formed numerical simulations using the Liouvillc equa- 
tion for the density matrix for the four-level system as 
shown in Fig. [21 We have assumed that four exciton re- 
combining channels (from two CB electron states to two 
spin states) proceed incoherently, and they are equal to 
each other (I/27 = 800 ps [26|]). The magnetic field 
and the spin-flip rates for hole and electron are taken as 
B x = 55 mT, 7^ = 7 ee 1 = 1 ms [26], and the Rabi fre- 
quencies as I.O7. The HH spin state initialization with a 
fidelity close to 1 [~ 99.95%, we define the fidelity of the 
hole spin initialization as (poo — Pii)/(poo + P11) for a + 
polarization with poo (pn) being the population of state 
|0) (|1))] is possible to be achieved within a few times the 
inverse of the exciton recombining rate (~ 1.6 ns) in the 
QD structure in Voigt geometry. The initialization of HH 
spin here is realized based on the fact that the magnetic 
field applied in Voigt geometry reconfigures the electron 
eigenstates, which is different from Refs. [T3, HH, where 
the initializations are realized based on spin precession. 



IV. ARBITRARY ROTATIONS BY 
NON-ABELIAN GEOMETRICAL MEANS 

It is well known that, with two noncommutable rota- 
tions about two axes, an y ro tation can be implemented 
as a composite rotation [42j . Here we design two non- 
commutable rotations about y- and z-axes and compose 
general rotations from them. In the following, based on 
nono-Alelian geometric phase, we first show how to ro- 
tate the HH spin about y-axis, and then explain how to 
control the rotation about z-axis with the relative phase 
between the Stokes and the driving fields. As a result, 
any rotations of the HH spin can be realized. 



A. Rotation about y-axis 

In order to rotate the HH spin about y-axis, we apply 
the pump field, the Stokes field and the driving field to 
excite the corresponding transitions (as shown in Fig. [1} . 
The Hamiltonian in the interaction picture and in the 
rotating-wave approximation (RWA) is given by 

H(t) = h[(A s - A p )\l)(l\ + (A d - A p )\a)(a\ 

-A p |ei)(ei| - (A p + A)|e 2 )(e 2 | - ft p i(i)| ei )(0| 
-n,i(t)| ei )(l| - Odi(*)|ei)<a| - Q p2 (t)\e 2 )(0\ 
-Q s2 (i)|e2>(l|-n<i2(i)|e2><a|]+H.c., (4) 

where the half Rabi frequency is defined as fljk(t) = 
(ek\jl • Ej(t)\q)/2h with \1 being the dipolc moment, 
k = 1,2, j = pisjd) denoting the pump (the Stokes and 
the driving) field, and q = 0, 1, a. A 3 ■ — ujj — (u e i — Lu q ) is 
the detuning and A = lu €i — uj e2 = \g^\fiBB x /h is the elec- 
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tron Zeeman splitting with g e x and [Ib representing Lande 
factor of electron and Bohr magneton, respectively. 

When the pump, the Stokes, and the driving fields are 
tuned to match the conditions A p = A s = 7^ —A/2 
(three fields are tuned to three-photon resonance, but 
they are not at the middle point of the two electron Zee- 
man splitting levels) and f2ji(f)/f2j2(f) = C (for sim- 
plicity, we choose C = 1 and denote flji(t) = f2ja(*) = 
f2j(i)), one can easily find from the interaction Hamilto- 
nian (H|) that the interacting system has two degenerate 
dark states 

|Di) = cos0(f)|l) - sin0(f)|a), (5) 
\D 2 ) = cosip(t)\0) -swip(t) sin0(f)|l) 

— sin tp(t) cos 6 (t)\a), (6) 

where the mixing angle 0(f) and the additional mixing 
angle ip(t) are defined as 



tan 0(f) 



tan ip(t) 



y/w 3 (t) + nj(t) 



(7) 



It is well know that the exciton recombination occurs 
only if there is electron excited to the CB states |ei2). 
The two-fold degenerate dark states |-Dx2)> which are 
known as trapped states, receive no contributions from 
the CB electron states [see Eqs. flSJ and ©]. Hence the 
rotation of HH spin about y-axis is robust against the 
exciton recombination process, and thus leading to high 
fidelity operations. It is also worth noting that, in the 
absence of the three fields, i.e., all the parameters (ac- 
tually the angles 0(f) and ip(t)) are fixed to zero, the 
previous eigenstates coincide with the two spin states 
l-°i(0)) = I ft) and |£> 2 (0)) = | JJ-). When the three 
fields are applied adiabatically and hence the angles 0(f) 
and (p(t) change adiabatically, the non-Abelian geomet- 
ric connection components can be calculated, according 
to Eq. ([3]), and we have 



A = AgdO = — i sin ip(t) a y d9, 



(8) 



with <r y being the y-component Pauli matrix. The related 
unitary operation is 



£7(0) = exp ( -ia y J sin(p(t)d6 ) = R y ((3), (9) 



where the rotating angle (3 is given by 
(3=1 sin ip(t)d9. 



(10) 



Similar degenerate dark states and non-Alelian geomet- 
ric connection have been realized for ion trap 32| and 
atoms [111 HI]- However, in the QD structure under con- 
sideration, the non-Abelian geometric connection A is 
based on HH spin states. 

For a quantitative analysis of the rotating angle (3 
about y-axis, we assume that the pump, the Stokes 




FIG. 3: (Color online) The rotating angle (5 about y-axis 
in units of 7r as a function of the delay To. The values of 
parameters are explained in the text. 



and the driving fields have Gaussian shapes as Sld{t) = 
ft°exp[-(f + r ) 2 /r 2 ], Q p (t) = Q° p exp(-f 2 /r 2 ), and 
f2 s (f) = £!°exp[— (f — to) 2 /t 2 ] with r and tq being, re- 
spectively, the pulse widths and the delay. Figure[3]shows 
that the evolution of the rotating angle [3 about y-axis in 
unit of 7T as a function of delay To. In the interaction, the 
time-dependent Hamiltonian should be performed suffi- 
ciently slowly. According to the condition for adiabatic 
passage [36j], we take ilpT = Q®t = fl^r = 50 » 1, which 
ensures no transition between the dark and bright states 
(not given in this paper). Figure [3] shows clearly that the 
rotating angle (3 is delay-dependent. It goes up succes- 
sively with increasing value of the delay, and then reaches 
its maximum value, 7r/2, when the delay To is large. 

Thus we have shown that the rotation of hole spin 
about y-axis can be implemented by using the non- 
Abelian geometric phase. The rotation is determined 
only by the global property and does not depend upon 
the details of the evolution path in the parameters space. 



B. Rotation about z-axis 

As suggested in Ref. [32], by setting f2 p (f) = and 
changing adiabatically fi s (f) and Od(f), the rotation 
about z-axis can be achieved by making use of the 
Abelian geometric phase in our QD system. However, 
by involving the non-Abelian geometric phase, here we 
suggest another method for rotating the hole spin about 
z-axis. An important feature of this rotation is that 
the rotating angle about z-axis is not geometric phase- 
dependent, it is controlled by the relative phase between 
the Stokes and the driving fields. To do so, we set 
il p (t) — so that the spin down state |0) is decoupled, 
and assume the phase of the driving field is zero, the rel- 
ative phase (f> is therefore the phase of the Stokes field. 
The time-dependent Hamiltonian H(t) in the interaction 
picture and RWA takes the form 

H(t) = h[(A d - A s )\a)(a\ ~ A s |ei)(ei| 

-(A. + A)|e 2 )(e 2 | - O d (f)(| ei )(a| + |e 2 )(a|) 
-n.(t)exp(-i0)(|ei)(l| + |e 3 )<l|)]+H.c.,(n) 
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where 4> is the relative phase between the Stokes and the 
drive fields. In the derivation of Hamiltonian (fTTj) , the 
condition fi^i/fi^ = C = 1 is applied. When the Stokes 
and the driving fields are controlled to satisfy two pho- 
ton resonance, only one dark state (\Di(t))) exists. The 
hole spin cannot be rotated by non-Abelian geometrical 
means. Fortunately, however, when the two fields are 
tuned to the middle point of the two electron Zeeman 
splitting levels, there is another dark state [39]. The 
two-fold degenerate dark states are 



|.Di(i)) = cos0(t)e^|l) - sin 0(f) |a) 



(12) 



\D 2 {t)) =-=cos<p{i){\ex) - \e 2 ))+sm<p(t) cos 0(t)\a) 



+ sm<p(t) sin0(i)e^|l), 



(13) 



where the mixing angle 9(t) and the additional mixing 
angle tp(t) related to the electron Zeeman energy splitting 
A are respectively defined as 



tan 0(f) = 



fi a (t) 



t&mp(t) 



A/2 



.(14) 



A similar form of double degenerate dark states in 
double-A atomic scheme has been obtained (39|. How- 
ever, in our QD structure the degenerate HH spin-based 
dark states stem from electron Zeeman splitting. 

In adiabatic limit (the time derivative of the mixing an- 
gles 0(i) and tp(t) are small compared with the splitting 

of eigenvalues, given by 2^2(nj(t) + 2 (i)) + (A/2) 2 ), 

only the transitions between the degenerate dark states 
\Di(t)) and \D 2 {t)) should be taken into account, and 
the nonadiabatic coupling of states \Di(t)) and \D 2 (t)) 
to other states (the expressions have not given in this pa- 
per) can be safely ignored [38[. (D 2 \L>i) = — sin ip(t)8(t) 
also exhibits that a nonadidabatic transition between the 
two-fold degenerate dark states may occur. Although 
the dark state \D 2 (t)) receives contribution from the CB 
electron states [see Eq. (|T3"|)]. we note that the electron 
magnetic-dependent Zeeman energy splitting is indepen- 
dent of time. At the beginning and end of the adiabatic 
process, we have A 2 3> & 2 (t) + ^(t), which therefore 
leads to \<p\ — ir/2. The CB electron states have no influ- 
ence on the final dark state \D 2 (+oo)). In other words, 
there is no electron in the CB states when the interaction 
is finished. 

Next, we will show how to translate the phase 4> into 
the HH spin state | ft), thus leading to the rotation 
about z-axis with angle <f). Recalling the fact that, 
in the subspace, HH is prepared with spin up, namely 
|-Di(0)) = |1). The Stokes and the driving fields are 
applied in the counterintuitive order, while they termi- 
nate with a constant ratio of their amplitude so that the 
phase </> can be introduced into the HH spin state. This 
extension of STIRAP is called fractional STIRAP, which 
has been suggested to create the coherent atomic super- 
positions in a robust way (37[. As shown in Fig. |U[a), 
the driving field consists of two parts— one with the same 





4.0 , 5.0 

T /T 



FIG. 4: (Color online) (a) The shapes of the Stokes and the 
driving fields defined by Eqs. (|T5j) and (Tl6)) . (b) The geometric 
phase 7/ in units of 7r as function of the delay between two 
pulses to with OpV = fi^r = 50. The values of parameters 
are explained in the text. 



time dependence as the Stokes field and the other coming 
earlier, for example 

Q s (t) = n° s exp{~t 2 /T 2 ), (15) 
Sl d (t) = ^{exp[-(t + r ) 2 /r 2 ] + exp(-i 2 /r 2 )}. (16) 

Here fi^ and 0[] are amplitudes of the Stokes and the 
driving fields, r and To are, respectively, pulse widths 
and delay between the two parts of driving field. During 
the interaction, the mixing angle 0(t) varies from to 
tt/4. According to the theory of non-Abelian geometric 
phase, after the interaction, we have [H, [39| 

|*(+oo)) = [e^(sin 7/ + cos 7/ )|l) 

+(sin7/-cos7/)|o)], (17) 

where 7/ is given by 

A/2 tt s (t)dtt p (t) - ti p (t)dti s (t) 



7/ 



n£(t) + v /2(fi 2 (t) + r» 2 (<)) + (A/2)- 



,(18) 



Equation (jTTJ) exhibits that the relative phase <f> trans- 
lates to the HH spin state | ft) via fractional STIRAP. If 
7/ can be accumulated to 7r/4 by controlling the Stokes 
and drive fields, after the cycle evolution, the HH spin 
will return to the spin up state with the phase <fi. As a 
result, the rotation of HH spin about z-axis is realized, 
and the varying rotating angle can be obtained by chang- 
ing the relative phase <fi, namely the phase of the Stokes 
field. 

It should be noted that jf is gauge invariant, it de- 
pends upon the delay tq [H,|3^|. In Fig.UJb), we plot the- 
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TABLE I: Fidelity of selected rotations of HH spin. 



R„(<f>) 


to/t 


Fidelity 


K*(tt/2) 


1.5 
6.5 


99.96% 
99.99% 






99.94% 



evolution of 7/ in units of it as a function of To. We take 
the Rabi frequency amplitudes as: SI® = SI® = 0.5 ps -1 , 
the pulse width parameter r = 100 ps. The magnetic 
field is taken as B x = 55 mT (we take the in-plane g 
factor of electron as g% = —0.21 f40| . then the electron 
Zeeman splitting A ss 1 GHz). With these parameters, 
the adiabatic condition is hold and the governing Hamil- 
tonian evolutes adiabatically. As shown in Fig. S^b) 7/ 
increases from by degrees with the growing of the delay, 
and reaches its maximum value, 7r/4, when the delay To 
is large. Thus, the relative phase 4> can be used to control 
the HH spin rotation about z-axis. 

By combining the above rotations about y- and z- 
axis, any rotation can be implemented. For exam- 
ple, rotation about x-axis can be realized by R x {4>) = 
R^(n/2)R z (<j))R y (n/2). Our rotation procedure is sensi- 
tive to the non-Abelian geometric phase and the relative 
phase between the Stokes and the driving fields. More- 
over, the non-Abelian geometric phase is independent of 
pulse areas and dependent on the ratios tq/t, SI® /A, and 
SI® /A. Thus it is robust against the fluctuation of the 
pulse shapes, pulse areas and noise. 

C. Fidelity 

Based on the non-Abelian geometric phase, arbitrary 
rotations of HH spin are possible. But how about the de- 
gree to which our approximate description matches the 
actual behavior of the system? The fidelity is a measure 
of how accurate the target gate is implemented and it is 
defined as T{U) = \(H>\WU id \V)\ 2 , where U id is the tar- 
get operation, U is the actual operation, and the average 
is taken over all input spin states @. By numerical sim- 
ulation of the density matrix equations, the fidelity can 
be calculated. Typical rotation fidelities, listed in Ta- 
ble U are on the order of 99.9%. The rotations of HH 
spin are realized with high fidelity. 

V. READOUT 

The accurate measurement of the spin state of each 
qubit is essential in a quantum computation scheme. In 



our scheme, the cr + -polarized Stokes (the <7~-polarized 
pump) field can only excite the HH state with spin down 
(up). The measurement of the HH spin states therefore 
can be achieved by applying a a + or a~ polarized contin- 
uous laser field. When the cr + -polarized field is applied, 
for example, if the spin is rotated to | JJ,), the QD will 
emit a single photon from the |ei 2) — ► | -IJ-) transitions, 
which can be detected using a single-photon counter 0]. 



VI. CONCLUSIONS 

To summarize, we consider a singly positive charged 
quantum dot, and demonstrate sequentially the initial- 
ization, the optical rotations of HH spin with non- 
Abelian geometrical means, and readout of a single hole 
spin. Together with an magnetic field applied in Voigt 
geometry, the quantum dot system can be reconfigured 
as a double tripod scheme. When the pump, the Stokes 
and the driving fields are tuned to satisfy certain condi- 
tions, the QD system has two-fold degenerate dark states. 
Based on the non-Abelian geometric phase produced by 
the nonadiabatic coupling between the two dark states, 
not only can the HH spin be rotated about y-axis with 
stimulated Raman adiabatic passage, but also the rela- 
tive phase between the Stokes and the driving fields can 
be translated into the hole spin state with fractional stim- 
ulated Raman adiabatic passages, leading to the imple- 
mentation of rotation about z-axis. Therefore the key 
step of optical arbitrary rotations of HH spin with high 
fidelity for QIP can be implemented by non-Alelian ge- 
ometrical means. It is in principle useful for spin-based 
quantum information processing. 
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